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Abstract. The aim of this paper is to transfer the Gauss map, which is a Bernoulli shift 
for continued fractions, to the noncommutative setting. We feel that a natural place for 
such a map to act is on the AF algebra 21 considered separately by F. Boca and D. Mundici. 
The center of 21 is isomorphic to C[0, 1], so we first consider the action of the Gauss map on 
C[0, 1] and then extend the map to 21 and show that the extension inherits many desirable 
properties. 

I. Introduction and Notation 

Florin Boca in pQ and Daniele Mundici in [5] separately considered an AF algebra 21 that 
is associated with the Farey tessellation. The algebra 21 exhibits many interesting properties, 
not the least of which is the connection between 21 and the unit interval [0, 1]. This connection 
is not merely topological, but also number theoretic. We briefly explain this connection 

Let Z($l) denote the center of 21. As noted in PQ, we have C[0, 1] = Z(2l). Moreover, the 
maximal ideal space of 21 is homeomorphic (when equipped with the topology induced by 
Prim(2l)) to [0, 1] in a natural way [H Corollary 12]. For each irrational < 9 < 1, let Jq 
denote the maximal ideal of 21 associated to 9. It was shown in [1] that Vl/J'e = $o, the 
Effros-Shen algebra, defined in [3J, associated with the continued fraction expansion of 9. 

In other words, if we employ the topological decomposition theory of C*-algebras and 
visualize 21 as continuous, operator- valued functions on its maximal ideal space (a visualiza- 
tion which is usually "incorrect, but fruitful" [3 Page 91]), then each function evaluated at 
9 takes values in the Effros-Shen algebra $e. So it is not simply the topology around 9 that 
determines this visualization, but also the continued fraction expansion of 9. 

Given the close connection between 21 and the continued fraction expansions of numbers 
in [0, 1], it is natural to try and extend important functions from number theory (especially 
those related to continued fractions) to the C*-algebra 21. The Gauss map might be the most 
fundamental such function, hence we take it as our starting point 

Recall the Gauss map G : [0, 1] -> [0, 1] defined by G(0) = and G(x) = 1/x - [l/x\ if 
i^0, where |_"J denotes the greatest integer function. One can think of G as the Bernoulli 
shift for continued fractions. Indeed, given 9 G [0, 1] with continued fraction expansion 
9 = [01,02, •••] then G([ai, a,2, ■■■]) = [a2,a 3 ,...]. One can also recover the continued fraction 
expansion of 9 by implementations of G and |_ - J • 

We first consider the induced action of G on Z(2t) = C[0, 1]. First note that foGE C[0, 1] 
if and only if / is a constant function. Therefore we will consider the "adjoint" action of the 
Gauss map on C[0, 1]. Let /i denote Gauss measure on [0, 1] defined by dfi = ln2 ^g +] v , where 

d9 denotes Lebesgue measure. Then G is //-invariant, i.e. n{G~ l (E)) = fi(E) for every Borel 
set E C [0, 1] (see pi] for details). From this it follows that the map 

V G (f)(9) = f(G(9)) for / G L 2 ([i), 9 G [0,1] 



is an isometry. A standard calculation reveals that 



oo 
s=l 



e 



6 + sJ (6 + s)(8 + s + l) 

and it is routine to verify that Vq(J) G C[0, 1] when / G C[0, 1]. We mention that, symboli- 
cally, Vq is the Perron-Frobenius operator of G under \i and refer the reader to |4, Chapter 
2] for details about Perron-Frobenius operators and their connections to continued fractions. 

Furthermore, if we embed C[0, 1] into B(L 2 (fi)) as / i— > A4f where M.f(g) = fg for all 
g G L 2 (fi), then 

(1.2) y^VG = 

This defines a unital completely positive map, which we will henceforth denote by G, on 
C[0, 1] that not only respects the action of G on its maximal ideal space, i.e. for each 
E C [0, 1] let Je denote the ideal of C[0, 1] consisting of those functions that vanish on E, 
then 

(1.3) G(J G -i (E) ) C J E , 
but is also /x— invariant, i.e. 

(1.4) J fdfi = J G(/)d/i for all feC[0,l). 

Hence we are looking for an extension of G to 21 that satisfies the natural analogs of (11.2ft - 
(jl,4p . In order to do this we must first consider what Gauss measure should mean on 21. 
Our first step is proving that every state on C[0, 1] has a unique extension to a trace on 21 
(Theorem [23]). D. Mundici showed [6] Theorem 4.5] that the state space of C[0, 1] and the 
space of tracial states on 21 are affinely, weak* homeomorphic. But for our purposes, we will 
need the extension property from Theorem 12.51 

For reasons that will become clear, we have to slightly modify the natural analogs of (11.21) 
and (ll.4p . In particular, we will use Theorem 12.51 to define two separate state extensions, 
and r, of /i and intertwine between these two GNS representations to obtain analogs of (11. 2 ft 
and (jl.4p . Let (tt^, L 2 (2l, 0)) and (ir T , £ 2 (2l, r)) be the GNS representations of 21 associated 
with and r. Since <fi and r are extensions of fi, it follows that L 2 (fi) C L 2 (2l, 0), L 2 (2l, r) 
and 

M/)U^) = -M/ for every / G Z(2l) = C[0, 1]. 
This allows us to prove the main theorem: 

Theorem 1.1. There is a unital completely positive map G : 21 —>■ 21 ano? an isometry 
V G : ^ 2 (2l,r) -> L 2 (2l,0) suc/i t/iat 

(1) G| c[0)1] = G. 

(2) G(J(G~ 1 (E))) C .7(E), /or eac/i £? C [0, 1] (J^ are the ideals of 21 denned m [T]). 

(3) VfelLa^ = V G andVZlvw = V G . 

(4) VS7r (z)Vb = tt t (G(z)) /or x G 21. //ence ^(Z)^^^) = A^ G(/) /or / G C[0, 1]. 

(5) 0(x) = r(G(x)) /or x G 21. 
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In order to set our notation, we now recall some relevant facts about the AF algebra 21 
defined in pQ and [5]. We will use the same notation as in pQ, in particular p(n, k), q(n, k) G 
Z + and r(n, k) = for n > and < k < 2 n all have the same meaning and we will 

frequently refer to the relationships between them as defined on pfl pg. 3]. Recall that 21 is 
the inductive limit of the finite dimensional C*-algebras, 

2l n = M ff(n , fc) . 

0<fc<2™ 

For the convenience of the reader, and with thanks to F. Boca for supplying us with the 
code, we reproduce the Bratelli diagram of 21 from [TJ Figure 2]. 




1 1 2 1_3_2_3_1J^3JL2_5_3 I I 5 iJ_38_5J_2J_58_3 7 4 5 
6 5 9 4 11 7 10 3 11 8 13 5 12 7 9 2 9 7 12 5 13 8 11 3 10 7 11 4 9 5 6 

Figure 1 . Bratelli diagram of 21 



For each n > let E n : 21 — > 2l„ be conditional expectations such that 

(1.5) E n E m = E m E n for all n, m > 0. 

The existence of such conditional expectations is guaranteed by Arveson's extension theorem, 
or since 21 is AF, one can construct such maps explicitly Furthermore for < k < 2™ let 
E( n ,fc) : 21 — > Mq( n fc ) C 2l n be conditional expectations, such that 

(1.6) E (n>fc) E n = E„E (n>fc) for n > and < k < 2 n . 
Note that for each x G 21 we have 

(1.7) lim E n (x) = x. 

n— >oo 

We will use the following notation throughout: For a unital C*-algebra A, we let 

• Z(A) denote the center of A, 

■ S(A) denote the state space of A, 

■ T(A) denote the set of all unital traces of A. 

■ M n denote n x n matrices over C, 

■ r n the unital trace on M n and l n G M n the identity. 
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For ~ G Q fl [0, 1] in reduced form we define 

Me := M q te := r q G T(M q ). 



2. State Extensions and Conditional Expectation onto Z(f&) 

In this section we will construct a conditional expectation from 21 onto Z(Qi) that preserves 
every r G T(2l). This will provide the key step in the proof of Theorem 12.51 

Definition 2.1. Let n > and < k < 2 n . Define r {n . k) G T(2l) as 

T{n,k)(x) = Tqfak) oE( n)fe )(x). 

The following lemma is immediate from (11.51) and (II. 6ft : 
Lemma 2.2. For n > 0, < k < 2 n and £ > 0, we have 

T (n,k) = T(n+e,2 e k)- 

Proposition 2.3. Let x G 21. Define the function f x : Q fl [0, 1] -> C as 
(2.1) / a (r(n, fc)) = r (n , fc) (x) forn>0 and < k < T. 

Then f x is well-defined and extends to a continuous function on [0, 1]. 

Proof. If r(n, fc) = r(n', k') with n' > n then there is an £ > such that n' = n + £ and 
A;' = 2 £ /c. Hence f x is well-defined by Lemma 12.21 

Let n > and < < 2 n . By the relationships defined in P, pg. 3], the following function 
is continuous and piecewise afline on [0, 1]: 



' if < 9 < r(n,k- 1) 

q(n, k) I q(n, k — 1)9 — p(n, k — 1) ) if r(n, k — 1) < 9 < r(n, fc) 

g(n, fc) (p(n, k + 1) — g(ri, + 1)0 J if r(n, k) < 9 < r(n, k + 1) 

V if r(n, jfe + 1) < < 1 



We first let x G 2l n C 21 and prove that extends to a continuous function on [0,1]. 
Suppose first that < 2k + 1 < 2 n and E( n) 2fc+i) (^) = x. Without loss of generality suppose 
that r (ni2fc+ i)(x) = 1. We show that f x = B^k+iy 

It is clear that / 2 |[o,r(n,2fe)]u[r(n,2jfc+2),i] = 0. We now show by induction on £ > that 

(2.2) (W > 0)(V 2 e 2k<j < 2 e (2k + 2))(f x (r(n + £,j)) = B^ 2k+1) (r(n + £, j))). 

For £ = 0, we have f x (r(n, 2k + 1)) = T( nj2 fc+i) (x) = 1 = B^k+i) (r(n, 2fc + 1)). Suppose now 
that (T22D holds for £ > and prove Q22J) for £ + 1. 
If j = 2i is even, then 

f x (r(n + £ + 1, 2i)) = r (n+ ^ +li2 i)(x) = r (n+£>i) (x) = /a,(r(n + i)) 
=-B (ri)2A;+1 )(r(n + £,i)) = S ( „ )2 fe+i)(r(n + ^ + 1, 2i)). 



If j = 2% + 1 is odd, then 

f x (r(n + £ + l,2i + l)) = T (n+e+li2i+1) (x) 

q(n + £,i) q(n + £,i + l) 

g(n + -t + 1, 2? + 1) q{n + £+l,2i + l) 

q(n + £,i) . . . ... q(n + £, i + 1) _ , , . . 1N . 

= ,( n + m,2; + i) ^ (r(n + £ ' z)) + ^T7+^Ti) % ' 2fc+1)(r(ri + ^ + 1)} 

= S (n>2fc+l) (r(7i + ^ + l,2i + l)). 

Here the last line follows by the relationships in [H pg. 3] and because B^k+i) is piecewise 
affine. This shows that (12. 2ft holds, hence extends to a continuous function on [0, 1]. 
Now suppose that < 2 m k < 2 n with k odd and ^( n ,2 m k)( x ) — x - Then, 

x = E( n _ m) jfc) (a;) — E( n _ TO+1)2 fc_i)(x) — E( n _ m+1)2fc+1 ) (x) . 

So, by the first part of the proof it follows that f x is continuous. 

For x — 1 © © • • • © 0, © • • • © © 1 G 2l n , the proof that f x is continuous is exactly 
the same as above, so we omit the proof. This shows that for every n > and each x G 2l„ 
that f x is continuous. Moreover note that the linear map x i— »■ f x defined on {J™ =1 2l n is 
contractive, hence f x is continuous for every x G 21. □ 

As observed in [TJ, Z(2l) = C[0, 1]. We now construct an explicit isomorphism. For each 
n > 0, define Z n : C[0, 1] -> Z(2l n ) C 21 by 

(2-3) 2 n (/)= /(rM))W) 

0<fc<2™ 

By [U pg. 3], for each n > we have max{|r(n, k) — r(n, k + 1)| : < k < 2 n } = l/(n+ 1). 
Hence for m > n we have 

" < sup{|/(0) " f(0')\ ■ \e ~ 0'\ < l/(n + 1)}. 

Therefore Z n (f) is a Cauchy sequence in 21 because / is uniformly continuous on [0, 1]. 
Define Z : C[0, 1] -> 21 by 

(2.4) Z(/) = lim 

n^oo 

Theorem 2.4. TTie map 2 : C[0, 1] — > Z(2l) zs a * -isomorphism. Moreover the map 
E z : 21 -> Z(St) de/med fey 

E z (x) = Z(/,) 

is a conditional expectation such that 

(2.5) r(E z (x)) = t(x) for every r G T(2l). 

Proof. By ( 12.41) it is clear that Z is a *-monomorphism, and since Z n (f) G Z(2l n ) for each 
n > 0, it follows that £(/) G Z(2t). We now show that 2 is surjective. Let n > and 
y G 2l n . Then 

(2.6) y G Z(2l n ) if and only if y = (J) (y) l 9 ( n)Jfe ) . 

0<fc<2™ 



Let x G Z(QL). By (El]) and fl2l| it follows that 

Z n{fx) = (J) T-(n,fe)(a;)l g (n,fc) G Z(2l n ). 
0<fc<2" 

Since x G Z(2l), it follows from (11.71) that 

lim ciis£(E n (x),Z(2t n )) = 0, 

from which we deduce by (12.61) that Z n (f x ) — > x. Therefore 

(2.7) E z (x) = Z(f x ) = lim Z n (f x ) = x. 

n—>oo 

This shows that Z is surjective and also that is a conditional expectation. We now 
show that Kz preserves every trace of 21. Let r G T(2l). By (I1.7P it follows that r is the 
weak*-limit of r o E„. Since r o En)^ G T(2l n ), there is a convex combination of scalars 
(A( ni fc))o<fc<2" such that 

ToE„= 2j ^(n,fc)T(n,fc)- 
0<fc<2™ 

It follows that T(2l) equals the weak* closure of the convex hull of the set {T( n fc ) : n > 0, < 
k < 2 n }. Therefore, we only need to check (12.51) for the traces T( n fc ). To this end, let x G 21 
then 

(2.8) T {n ^ k) (x) = f x (r(n, k)) = T (ri:k) (Z n (f x )) = r^ k )(Z(f x )) = r (n>fc) (E z (x)). 

□ 

Theorem 2.5. The restriction map r \— > t\z{<&) defines a weak* homeomorphism from T(2l) 
onto S(C[0, 1]). In particular, every state on Z(2l) has a unique tracial extension to 21. 

Proof. Injectivity and weak*-continuity of the inverse both follow from (12.51) . By (12.81) it 
follows that the restriction of 7"( n ,fc) to Z(2l) = C[0, 1] is the Dirac measure 5{ r (n,fc)}, which 
shows surjectivity. □ 

3. Ideals of 21 and traces of 21 



Definition 3.1. Fix 6 G [0, 1]. Define rf G T(2l) as the unique tracial extension of the Dirac 
measure 5{gy G S(C[0, 1]) given by Theorem \2.h\ Note that for each n > and < k < 2 n , 

'r(n,k) ~ T (n,k) 



we have t5 nk) = v n ,k) from Definition \2.1\ 



For each 6 G [0, 1], we recall the maximal ideals Ig C 21 defined in [T], Proposition 4]. The 
following is a consequence of the proof of [TJ Proposition 4] and the correspondence made in 
Theorem 12.51 

Corollary 3.2. Fix 6 G [0, 1]. Then 

(3.1) I 6 = {x G 21 : rf{x*x) = 0}. 

Fix = I G Q n (0, 1) in reduced form. We define the *-homomorphism 

(3.2) 7T£ : 21 -> Me 
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as "evaluation along the path r(n, k), r(n+l, 2k), ...,r(n+£, 2 e k), ... in the Bratteli diagram." 
In particular, ker(7T£) = Iv (see [TJ Proposition 4.(ii)] for details). We note that 



(3.3) 



rf(x) = tp(ttp(x)) for every x 6 21. 



4. Construction of G 



In this section we construct our noncommutative Gauss map G : 21 — ► 21. Let s > 1. As in 
[H (3.1)] we define 



7T£ 



By Theorem 12.51 and Section [3] we have 
(4.1) X = ker( 

1 <£ 6 Q<I 

For each s > 1 the Bratelli diagram of 2l/j7s is the subdiagram of the Bratelli diagram of 21 
obtained by deleting all of the nodes 

{r(n, k) : r(n, fc) £ [l/(s + 1), l/s]} U {r(n, k) : n < s}, 

and deleting all edges connected to any of these nodes. See Figure [2] for the Bratelli diagram 
of 21/ J 2 . 




IA3_5_2_5_3 4 1 

3 11 8 13 5 12 7 9 2 



Figure 2. Bratelli diagram of %jJi 
For each s > 1, define the homeomorphism g s : [0, 1] — >• [1/ (s + 1), 1/s] as 

9M ' 



+ 

and recall that these maps are the building blocks for the commutative Gauss map G : 
C[0, 1] — > C[0, 1] defined in (11. ip . Then consider the induced isomorphism 

(g s )*:C[l/(s + l),l/s}^C[0,l} defined by (&),(/) = / o g s . 

Since our goal is to extend G to a map on 21, we first consider extensions of the maps 
(g s )* as maps from 2t/j7" s into 21. Unfortunately, there is no hope for these extensions to 
also be isomorphisms. Indeed, by considering the Bratelli diagrams of 21 and 21/ it is 
clear that K (QL) = K (%i/J' s ), but there is no unit-preserving, positive homomorphism that 
implements this isomorphism. Hence 21 ^ 21/^. We do the next best thing by defining a 
(non-unital) *-monomorphism H s : 21 — > 2l/j7s and a unital completely positive (UCP for 



short) map G s : %l J s — > 21 such that G S H S = id<%, and such that G s is an extension of (g s )*- 
More importantly, the maps G s and H s will provide a nice relationship (see (14.91) ) between 
T(2l) and T(%/J s ). 

For n > 0, let A n G M 2 n+i +lj2 n +1 (Z + ) be the connecting homomorphisms from 2l n into 
such that 



(4.2) 

For example we have, 
A n = 



21 = hm(2l„, An) 



1 
1 1 
1 



g M 



3,2 , 



1 

1 1 

1 

1 1 

1 



e M, 



5,3 



For n > 0, we define 

(St/^)„:= M 



M 9s(r(n>fc)) . 



g(n,fc) 
p(ri.fc) + sq(n,fc) 

0<fc<2™ 0<fc<2™ 

By the description of the Bratteli diagram of 21/ ' J s (see also Figure [2]) given above it follows 
that 

(4.3) Ql/J s = Km((Ql/J s ) n ,A n ) 

Let £°°(s) denote the s dimensional, commutative C*-algebra. Consider the C*-algebra, 

£°°(s) ® 21 = lirn(£°°(s) ® 2l„, zd £ 

Define 5 = [ 1 1 • 1 ] G Mi )S . It is easy to see (using only the fact that A n G M 2 n+i +lj2 n +1 (Z + )) 
that 

^(S* (g) l 2 "+i) = (5 1 <8> l 2 n+i + i)l s ® A„ for every n > 0. 
Hence, for each n > we are able to define a *-homomorphism 



a n : f°(s) ® 2l n = f°(s) ® Mjm -> M 



0<fc<2™ 



q(n,fc) 

q(n,k) p(n.fc) + st/ f ~ ./■ ) 

0<fc<2" 



(2l/J" s )n 



given by the matrix 5 ® l 2 «+i G M 2 «+i )S (2™+i) such that the following diagram commutes for 
every n > 



(4.4) 



(2l/J s ) n 



(2l/J- s ) n - 



?°°(s)®2l„— 7°°( S )®2l n+1 



Let ex,...,e s G £°°(s) denote the standard basis. For each n > define the UCP map 
K : (21/ J% ® 2t n by 



s 

V n (x) = o~ 1 ( (7 n (ej g> l 2tn )xa„(e i <g> lgj J 

8=1 



Define ip s G <S(£°°(s)) by 



1 

i=i i=i 



It now follows from ( 14.41) that the following diagram commutes for all n > 



(4.5) 



(VJs, 



An 



+ 1 



Vn 



"n+1 



Vn 



(s) ® 2l„, 



(s) ® 2t„+i 



l s ®irfa n+1 



2L 



21 



n+l 



Furthermore, 
(4.6) 



("08 ® ^aj ° K ° o"n ° (l s ® irfst„) = ^su for an n>0. 



Now, let x G M p(n,fc) C 2l n and y G M C (2l/j7 s ) n . Set p = p(n,k) and g 

q(n,k) p(n,k)-\-sq(n,k) 

q(n, k). Then, by basic properties of the trace it follows that 



T_a_ I a n (l f 

J+sq 

sq 

p + sq 

sq 

p + sq 
sq 



t_3_ (a n (l s (g x)y 

S 

(cr n (l s <g> x) y^a n (ei <g> l 2 i 7l )ycr n (e i <g> laj 

p-j-sq y * * 

s 

-' - ~£ (^rT 1 (^(Is ® x) ^ a n(ei <g> l^ya^d <g> la,,))) 
-^s®Tv_((l s ®x)V n (y) 



i=i 



(4.7) 

p + sg 

We now let : 2l/i7s — > 21 be the inductive limit of the maps {jp s <g> id^) o V n , which 
is well-defined by (14.51) . We also let a s : 21 — > 21/^ be the inductive limit of the maps 
a n o (l s (g) idf^), which again are well-defined by ( 14. 5ft . 

Figure [3] (graciously provided by F. Boca) displays the mapping a 1 i n terms of the Bratelli 
diagrams of 21 and %j J\. 

Set 7r = 

theorem in [2], there is a UCP lifting : 21/J7" S — > 21 of n. Then let 

G s := V s o 7T : 2t -»• 21 and # s := o ct s : 21 -»• 21. 
By gJD, it follows that 

G S H S = id%. 
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_A_<p<i7rp and identify 2l/J" s with 7r(2t) by (jO) . By the Choi-Effros lifting 

s + 1 q s q 



Figure 3. The map u\ 



It is also routine to verify, using the definitions of a n and V n , that 
(4.8) G s (xH s (y)) = G s (x)y for every x, y £ 21. 

By (14. 7p . we have the following relationship for every x, y £ 21, and - £ Q fl [0, 1] : 

= r* {p/q) mx)y) = i%_(H.{x)y) = r_±_ (n^_(H s (x)y)) 

= iT7 q T ^ {xGs{y)) ) = JV7 q T P Gs{y)) = s 9s(p/ q )rf(xGM) 

Therefore, by Theorem 12.51 for any 9 £ [0, 1] we have 
(4-9) T * {e) (H s (x)y) = sg s {B)rf{xG s {y)) 

Therefore, by Corollary 13.2} it follows that for any 9 £ [0, 1], we have 
(4-10) G s (I 9s{6) ) = Ig. 

Moreover, by the description of Z(Qi) given in Theorem 12.41 and (14.91) it is clear that 
(4.11) G s (f) = fog s for every / € C[0, 1]. 

For each s > 1, define / s £ Z(%) = C[0, 1] as 

(412) m = { e + s)<els + l) 

Let us now define G : 21 — > 21 as 

oo 

(4.13) G(x) = ^G s (x)/ s . 

s=l 

5. Proof of Theorem 11.11 

In this section we will prove the 5 assertions from Theorem 11.11 First note that Theorem 
Oil) follows from (HI]) and fliHl) . and (2) follows from (jODjl . 

First define O := ^ Then > let # € [0, 1] wi th ^ < < ] for some s > 1. Then define 

4> 6 {x) = T*{H s {l))- l rf{H s {l)x) = -rf{H s {l)x) for every x £ 21. 
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Recall that Gauss measure [i on [0, 1] is defined as the probability measure dfx = ln 2(0+1) ' 
where dO is Lebesgue measure. Let (fi G 5(21) be the direct integral of the states (fig over /1, 
i.e. 

4>{x) = / (fio(x)dfx(6). 
Jo 

Let r G T(2l) be the unique tracial extension of \i provided by Theorem 12.51 By uniqueness 
we have 

r= / 7^(0). 
Jo 

Notice that for every / G C[0, 1] and a; G 21, we have 

(5.1) 4> e {fx) = f{e) ( t>e{x) and rf{fx)^f{9)4>e{x) 

It also follows from (15.11) that restricted to C[0, 1] is Gauss measure /x. 

For any state ^ G 5(21), let (L 2 (2l, ■?/>), 7ty) denote the GNS representation of ^ and (•, •},/, 
the inner product on L 2 (2l, ip). For a; G 21, we will denote by x^ the image of x in L 2 (2l, ^0 
and denote by 21^ the dense subspace of L 2 (2l, t/>) consisting of the x^. 

By the definitions of <fi and r, we can decompose 

L 2 (2l,0)= / L 2 {VL,<j)o)dii{0) and L 2 (2l,r)= / L 2 {%rf)d^{9). 
Jo Jo 

Furthermore, by (15.11) we have 

L 2 (ji) C L 2 (21, <fi) and L 2 (//) C L 2 (21, r) 

as 

(5.2) U= f f (9)1^(9) and f T = f f{e)l T M6). 

Jo Jo 

We now define an isometry V G : L 2 (2t, r) — > L 2 (2l, (fi) that satisfies (3)-(5) in Theorem ll.il 
As short hand notation, for each vector i] G £ 2 (2l, (fi) and Borel set E C [0, 1] we will write 

V 1 E := [ r](9)diJ l (9) G / L 2 (2l,0,)rf/i(^) 

For each s > 1, define operators on 21^, and 2l T respectively as 

(5.3) H s (x T ) = H s (x) 4> \ + and G s (x (j) ) = (G s (x)f s ) T . 

Clearly these maps are contractive, so they extend to operators on L 2 (2l, (fi) and L 2 (2l, r) 
respectively. Now define 

00 

V G = WOT~Y,H s . 

8=1 

We now show that Vq is an isometry. Let us first recall f s from (I4.12p and note that 

00 

J2fs(9) = l for every 0G [0,1]. 
3=1 

We will implicitly use this fact throughout the rest of the proof of Theorem 11.11 We have, 
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(Vg(x t ),V g (x t ))4, = 1 %2 I MHs(x)*H s (x))dfi(6) 

s=l 7+T 
oo „I 

= E / I Te rf{H s {x*x))d^{9) 



S=l s+1 
OO 



£ y " Tf_ a (x*x)dn(9) (by (ra: 



= 1 s + 1 

(5-4) =AT f t*(x*x) 7 T\~~T ( with u 

v ' \n2j^J uK ' (u + s)(u + s + l)u + l v 

T*(x'"x) I > M // i I (///( // ) 



8=1 



We now calculate V^. Let x, y G 21, then 



(^(^),^>0 = ]T / i My*H s (x)W(8) 

s=l s+T 
oo „I . 



1 s+1 



J2 I , r l-s( G M*xW(8) (by (3D) 

s=l s+T 
oo „! 

£ / T?(G a (y)*x)f a (e)dfji(9) (Reasoning as in (El) 

8=1 ^ 
OO „i 

£ / rf{G s {yYf s x)dn{d) (By ^) 
x Jo 

r,^2G s (y (j) )) T . 



s=l 



= (x T ,G(?/) T ) T . 

We now show (3). Let / = J 1 f(0)l Tg dn(0) e L 2 (/i) C L 2 (2L,r). Then 



s=l s+T 
oo „I . 

= E J^fig-^heMO) 



S=l s+1 

"2/ 



(5.5) = foGeL\VL, 
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Similarly, one shows that V g \l 2 (u) = V G . This proves (3). 

We now show (4). It follows from the definition of G s that for every s > 1 we have 

L 2 (Ql,(f) 6 )dij(6) C ker(G s ) 
From this and (14. 8p it follows that for every x, y G 21 we have 

oo 

V G ^(x)V G (y T ) = V^^Hsiy))^,!]) 

s=l 

oo 

s=l 
oo 

= Y^(G.(x)yf.) T (BygS)) 

s=l 

= ir T (G(x))y T . 

By (I5.5P we have Vc(l T ) = 1<^, from which it follows that 

<p(x) = fa, 1 4) = (xt, V G (1 T )) = (G(x)r, 1 T ) = t(G(x)). 
This proves (5) and finishes the proof of Theorem 11.11 
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